A note on q-oscillator realizations of U q (gl(M |N )) for
Introduction
In the context of quantum integrable systems, the Baxter Q-operator [2] is a fundamental object. It is known that Baxter Q-operators can be constructed in terms of q-oscillator representations of one of the Borel subalgebras of quantum affine algebras. This 'q-oscillator construction' of the Q-operators was proposed by Bazhanov, Lukyanov and Zamolodchikov [3] , and developed by many people (for instance, see [4, 5, 6, 7, 8, 9, 1, 10, 11, 12] and references therein 1 ). In particular, Bazhanov, Hibberd and Khoroshkin derived [4] this type of q-oscillator representations as asymptotic limits of evaluation Verma modules over a Borel subalgebra of U q (ŝl(3)). Moreover, Hernandez and Jimbo showed [19] that the same type of q-oscillator representations can be systematically constructed by taking asymptotic limits of Kirillov-Reshetikhin modules over one of the Borel subalgebras of any non-twisted quantum affine algebra. In addition, this approach was further developed [20, 21] for U q (ŝl(M|N)) case. Hernandez and Jimbo's approach is representation theoretically sophisticated, but rather abstract, and thus it is still meaningful to seek another comperison with the rational L-operators for Q-operators [15] . Section 5 is for concluding remarks. In Appendix A, commutation relations of U q (gl(M|N)) and U q (gl(M|N; I)) are summarized in our convention. In Appendix B, we transcribe the Heisenberg realization of U q (gl(M|N)) in [23, 24] (and [25] ) in terms of the q-oscillator algebra, and review four kinds of variations of them, one of which is used in the main text. Appendix C is a supplement for our previous paper [1] , in which q-Holsten-Primakoff realizations of U q (gl(M|N)) are used to rederive the L-operators for Q-operators presented.
Throughout this paper, we assume that the deformation parameter q is not a root of unity, and use the following notation.
• [x] q = (q x − q −x )/(q − q −1 )
• I = {1, 2, . . . , M + N} 
Quantum superalgebras
In this section, we review the quantum affine superalgebra U q (ĝl(M|N)), the quantum finite algebra U q (gl(M|N)) and the contracted algebras U q (gl(M|N; I)) for it.
The quantum affine superalgebra U q (ĝl(M|N ))
The quantum affine superalgebra U q (ĝl(M|N)) [35] (see also [36] ) is a Z 2 -graded Hopf algebra generated by the generators 6 e i , f i , k i , where i ∈ I. We assign the parity for these generators as p(e i ) = p(f i ) = p(i) + p(i + 1) mod 2 and p(k i ) = 0, where p(M + N + 1) = p (1) . For any X, Y ∈ U q (ĝl(M|N)), we define p(XY ) = p(X) + p(Y ) mod 2. For i, j ∈ I, the defining relations of the algebra U q (ĝl(M|N)) are given by
2)
[e i , e j ] = [f i , f j ] = 0 for a ij = 0, (2.3) where h i = p i k i − p i+1 k i+1 ; (a ij ) 1≤i,j≤M +N is the Cartan matrix
4)
Here i, j should be interpreted modulo M + N: p M +N +1 = p 1 , δ i,M +N +1 = δ i,1 , δ i,0 = δ i,M +N . In addition to the above relations, there are Serre relations (see [35] , for more details). The algebra also has the co-product, anti-poide and co-unit, which will not be used in this paper. The Borel subalgebras B + (resp. B − ) is generated by e i , k i (resp. f i , k i ), where i ∈ I. For any c i ∈ C (multiplied by a unit element), the following transformation
gives the shift automorphism of the Borel subalgebras B + or B − .
The quantum superalgebra U q (gl(M|N ))
There is a (finite) quantum superalgebra U q (gl(M|N)), which is generated by the elements {e ij } i,j∈I . We assign the parity of these generators as p(e ij ) = p(i) + p(j) mod 2. Let us introduce the notation:
Then the defining relations of U q (gl(M|N)) are (cf. [37] )
The other elements are defined by
We summarize the relations among these elements in Appendix A. There is an evaluation map ev x : U q (ĝl(M|N)) → U q (gl(M|N)):
where x ∈ C \ {0} is a spectral parameter.
q-oscillator realizaiton of U q (gl(M|N ))
In [24, 23] , a q-difference (Heisenberg) realization of U q (sl(M|N)) was proposed (see [25] for U q (sl(M)) case). In this paper, we transcribe their results for U q (gl(M|N)) case in terms of the q-oscillator algebra (the exact relation to their convention is encapsulated in Appendix B). The q-oscillator (super)algebra 7 is generated by the generators {c ia , c † ia , n ia } i,a∈I,i<a , whose parities are defined by p(c ia ) = p(c † ia ) = p(a) + p(i) mod 2, p(n ia ) = 0. They obey the following defining relations:
(2.9)
From (2.9), one can derive useful relations:
The Fock space is spanned by the vectors
where n jb ∈ Z ≥0 and the vacuum vector is defined by
The action of the generators on |{n jb } = |{n jb } j,b∈I,j<b is c † ia |{n jb } = (−1) k<i k<d n kd (p(i)+p(a))(p(k)+p(d))+ i<d<a n id (p(i)+p(a))(p(i)+p(d)) |{n jb + δ ij δ ab } , c ia |{n jb } = (−1) k<i k<d n kd (p(i)+p(a))(p(k)+p(d))+ i<d<a n id (p(i)+p(a))(p(i)+p(d))
c ia in this paper corresponds to c ai in our previous paper [1] .
In principal, one can recursively calculate all the generators e ij for |i − j| ≥ 2 based on the relations (2.7). However, their general expressions are very involved. Fortunately, e i1 is tractable and has a simple expression (cf. [25] for M = 0 case):
On the Fock space, (2.13) realizes a highest weight representation 8 π λ with the highest weight λ = (λ 1 , λ 2 , . . . , λ M +N ) and the highest weight vector |0 satisfying 9
The composition π λ • ev x gives an evaluation representation of U q (ĝl(M|N)). Let us consider reduction of the q-oscillator algebra in (2.13) . Fix parameters a ∈ {0, 1, . . . , M + N} and µ ∈ C, and define a set by I = {a + 1, a + 2, . . . , M + N}. We find that (2.13) still realizes U q (gl(M|N)) even if we apply the following replacement:
This fact was remarked in [25] for N = 0, a = 1, µ = 0 case, where (2.13) reduces to a q-analogue of the Holstein-Primakoff realization (cf. [26] ). One can easily calculate all the generators e ij for a = 1 case through (2.7). e 11 = λ 1 − n 1,I , e ii = p i µ + n 1i for i ∈ I,
The quantum affine superalgebra U q (ĝl(M|N)) (and its subalgebra U q (gl(M|N))) has another realization, called FRT realization [38] (see also, [39, 40] ), based on the Yang-Baxter relation. One of the merits of this realization is that all the relations among the generators can be expressed in a unified manner independent of M, N and the grading parameters p(i). While in the realization based on the Chevalley generators, which we mentioned in subsections 2.1 and 2.2, the form of the Serre type relations depends sensitively on M, N and p(i), and it is rather cumbersome to write down all the necessary relations without omission. In this sense, the FRT realization, which we are going to explain, supersedes the previous ones. The quantum affine superalgebra U q (ĝl(M|N)) has a subalgebra called q-super-Yangian Y q (gl(M|N)). It is generated by the generators {L (n) ij |i, j ∈ I, n ∈ Z ≥0 } obeying the Yang-Baxter relation 10
where x, y ∈ C. The parity of the generator is defined by p(L (n)
is the R-matrix for the Perk-Schultz model [41] (see [42] for N = 0 case).
For any c ∈ C \ {0},
gives an automorphism of Y q (gl(M|N)). Note that the following transformation (multiplication of diagonal matrices in the second space)
keeps the relations (2.19) and (2.18) unchanged.
FRT realization of U q (gl(M|N ))
The quantum affine superalgebra U q (ĝl(M|N)) has a finite subalgebra U q (gl(M|N)). It is generated by the generators {L ij , L ij , |i, j ∈ I} obeying the relations 
where the parity of the generators is defined by p(L ij ) = p(L ij ) = p(i) + p(j) mod 2. The coefficients are related to the generators (2.7) as (cf. [43] )
where e ii = −e ii . There is an evaluation map from Y q (gl(M|N)) to U q (gl(M|N)) such that
The L-operator L(x) satisfies the following Yang-Baxter relation, which is the image of (2.18) under this map (2.31). 
Contraction of U q (gl(M|N ))
Let us take a subset I of the set I and its complement set I := I \ I. There are 2 M +N choices of the subsets in this case. Corresponding to the set I, we consider 2 M +N kinds of representations of the q-superYangian. For this purpose, we consider 2 M +N kinds of contractions of U q (gl(M|N)). At first, we modify the condition (2.24) and define a contracted algebra as follows. The contracted algebraŨ q (gl(M|N; I)) is an associative algebra over C with a unit element 1 and generators L ij , L ij obeying the relations (2.23), (2.25)-(2.27) and
In addition, we assume the existence of an inverse element L −1 ii of L ii for any i ∈ I.
We remark that L −1 ii coincides with L ii only for i ∈ I. Then we obtain 2 M +N kinds of algebraic solutions of the graded Yang-Baxter equation through the map (2.31). In addition to the contraction (2.34), we introduce the following subsidiary contraction and define a contracted algebra which is smaller thanŨ q (gl(M|N; I)).
Suppose the set I has the form I = {k + 1, k + 2, . . . , k + n} for some k ∈ Z ≥0 , n ∈ Z >0 , then the contracted algebra U q (gl(M|N; I)) [1] is defined by adding the following relations toŨ q (gl(M|N; I)).
The contracted algebras can be realized in terms of the generators e ij . They are related to the non-zero elements L ij , L ij through (2.28)-(2.30). The conditions corresponding to (2.33)-(2.35) are given by
The conditions corresponding to (2.36) and (2.37) are given by
In the main text, we will focus 11 on the case k = M + N − n. We remark that the contracted algebra U q (gl(3|0; I)) for |I| = 1, 2 in terms of the generators e ij was proposed by Bazhanov and Khoroshkin [27] (see, Appendix A). The case U q (gl(2|1; I)) was also proposed in [28] . We also note that the q-oscillator algebra can be obtained from a contraction procedure of the quantum algebra U q (sl(2)) [44] .
Representations of Y q (gl(M|N ))
Then combining (2.7), (2.13), (2.31) and (2.28)-(2.30), we obtain a q-oscillator realization of Y q (gl(M|N)). In particular, on the Fock space, this gives a highest weight representation with the highest weight |0 obeying
The map (2.31) also gives an evaluation map from Y q (gl(M|N)) to U q (gl(M|N; I)) or U q (gl(M|N; I)) if the matrix elements of L and L are replaced by the ones for the corresponding contracted algebra.
Asymptotic representations of Y q (gl(M |N ))
In this section, we will consider asymptotic representations of Y q (gl(M|N)).
General strategy
We will combine the transformations (2.21) and (2.22) , which preserve the Yang-Baxter relation (2.18) under (2.31), namely (2.32), and consider limits of the L-operator. This realizes the contracted algebra and asymptotic representations of the q-super-Yangian on the Fock space. We will also make reductions on generators of the q-oscillator algebra in order to remove the parts which do not have essential contribution on the action on the Fock space. We consider the case I = {a + 1, a + 2, . . . , M + N}, I = I \ I. In components,
We can translate this through (2.28)-(2.30) in the form
where e ii = −e ii , and the symbol˜is assigned to each element in (2.28)-(2.30). Then we find that (3.1) with (3.2) and (2.13) realize U q (gl(M|N; I)) in the limit 12
Here we assume that q is a constant parameter with the condition |q| = 1. In particular, q −p i λ i → 0 holds for any i ∈ I. This type of limit for evaluation Verma modules over B + for M = 3, N = 0, a = 2 case and M > 3, N = 0, a = M − 1 case was considered in [4] and [12] , respectively. Now, on the Fock space, the evaluation map 13 (2.31) gives a highest weight representation of Y q (gl(M|N)) with the highest weight |0 obeying
As a variant 14 of the above, we can consider the case
8) 12 We also need a fine tune on the normalization of the generators of the q-oscillator algebra. 13 in the sense L(x) → limL(x) 14 The other option is to considerL(
In components, this can be written as
e i,j = e i,j for i < j,ẽ i,j = q m(2−θ(i∈I)−θ(j∈I)) e i,j for i > j. (3.6) and take the limit |m| → ∞ under the condition q −m → 0. This also realizes U q (gl(M|N; I)). We remark that the above two types of limits give the same result after reductions on generators of the q-oscillator algebra.
q-oscillator realization of contracted algebras
Now we demonstrate the general strategy based on the q-oscillator realization (2.13). We consider the case I = {a + 1, a + 2, . . . , M + N}, I = I \ I. Let us apply the following automorphism of the q-oscillator algebra to (2.13) and (2.14) .
Then in the limit (3.3), (3.2) reduces to
where the limit ofẽ ij is denoted again as e ij . We remark that the relation e ii = −e ii holds only for i ∈ I after the limit, and q p i e ii = 0 for i ∈ I means that the contraction L ii = 0 (In eq.(3.25) in [1] , we did not interpret the factor q −pieii as q pieii . If we did it, we would have obtained e i,j = q m(θ(j∈I)−θ(i∈I)) e i,j for i > j.) Then for the parameters be set as
(3.5) with (3.6) and (2.13) realize U q (gl(M |N ; I)) in the limit q m → 0. See Appendix C.
for i ∈ I occurs in the limit (e ii for i ∈ I diverges and does not exist). Moverover, taking note on the relation (2.7) in the limit, one can show
The other elements e ij can be obtained in two steps:
Then one can calculate:
We also remark that {e i1 } i∈I,2≤i<M +N follow from e M +N,1 based on (A12): 
to get e ii = −n i,I , q p i e ii = 0 for i ∈ I,
This expression (3.16) (with (3.12) and (3.13)) realizes the contracted algebra U q (gl(M|N); I) and gives an evaluation representation of the q-super-Yangian satisfying (3.4) through (2.28)-(2.31).
Next we consider the case λ i = p i µ for i ∈ I. We start from (2.13) with the reduction (2.16) and repeat the same procedure to derive (3.16) from (2.13), to get e ii = −n i,I , q p i e ii = 0 for i ∈ I, e ii = p i µ + n I,i , e ii = −e ii for i ∈ I,
This expression (3.17) (with (3.12) and (3.13)) realizes the contracted algebra U q (gl(M|N); I) and gives an evaluation representation of the q-super-Yangian satisfying (3.4) with λ i = p i µ for i ∈ I through (2.28)-(2.31). We remark that this is equivalent to (3.16) with the reduction (2.16). We find that (3.17) for µ = 0 gives q-oscillator representations for Baxter Q-operators. Substituting these into (2.8), we obtain q-oscillator realization of a contracted algebra for U q (ĝl(M|N)):
and
where 1 ∈ I, M + N ∈ I is assumed. In fact, these satisfy the following contracted commutation relations (cf. eq.(3.85) in [1] ) instead of the relations (2.2).
[ (3.20) where M + N + 1 ≡ 1. The other relations (2.1) and (2.3) (and Serre type relations) remain valid. In addition, simplified Serre type relations may also hold (see [4] for B + of U q (ŝl(3)), and [1] for U q (ĝl(M|N)) case). In particular, (3.18) realizes the Borel subalgebra B + of the quantum affine superalgebra U q (ĝl(M|N)). On the Fock space, this gives qoscillator representations for Baxter Q-operators. In fact, special cases of (3.18) (in different conventions) can be seen, for example in: and N = µ = 0) was rederived 16 [12] by taking asymptotic limit of a Verma module of B + and factoring out invariant subspaces. Moreover, the same type of representations of B + can be derived systematically as asymptotic limit of Kirillov-Reshetikhin modules (see [19] for N = µ = 0 case, and [20, 21] for M, N > 0, µ = 0 case). It is easy to calculate all the generators of U q (gl(M|N; I)) explicitly for a = 1 and M + N − 1 from (3.17). The case a = 1, I = {2, 3, . . . , M + N}: and µ = 0, we obtain L-operators for Q-operators (see Appendix C for these types of L-operators in different conventions).
Rational case
In this section, we will discuss the rational case. We will present a factorization formula of the L-operator for Y (gl (M|N) ), which is a generalization of the results in [16, 17, 18] . 16 Set c j,M = (q − q −1 )q Hj +1 ε * j , c † j,M = ε j , n j,M = H j for 1 ≤ j ≤ M − 1, and apply the automorphism of B + : (3.18) for I = {M } and N = µ = 0 (we use the Cartan elements h i in (3.20); ε * j , ε j , H j , t are symbols in [7] ). Then one obtains eq. (2.2) in [7] after the transformation q → q −1 (Note that N in [7] corresponds to M , and the central element of the q-oscillator algebra is fixed in this paper, while it is free in [7] ). Next, apply the automorphism of B + : e i → q −1 e i , k i → k i for i ∈ I to (3.18) for I = {M } and N = µ = 0 (we use the Cartan elements h i in (3.20) ). Then apply the transformation q → q −1 and set x → 1. One will find the homomorphism ρ in page 15, section 8 in [12] .
By taking limits of the L-operator, we recover the rational L-operators for Q-operators proposed in [15, 14] .
In the rational limit q → 1, (2.9) reduces to
where the Cartan elements n ia are realized as c ia c † ia = 1 + p i p a n ia , c † ia c ia = n ia . Then the rational limits of (2.13) and (2.14) with (2.7) are given by
These expressions of generators can be written as a factorized matrix form 17 In components, it reads
where each element is defined by
Due to the graded tensor product, the condition zz −1 = z −1 z = 1 ⊗ 1 produces an extra sign factor
In short, the matrices 18 ((−1) (p(i)+1)p(j) z ij ) 1≤i,j≤M +N and ((−1) (p(i)+1)p(j) y ij ) 1≤i,j≤M +N have the normal matrix product. We remark that the elements D ij for i > j satisfy the relations [D ij , D kl ] = −δ jk D il + (−1) (p(i)+p(j))(p(k)+p(i)) δ li D kj for i > j and k > l, and thus −D ij for i > j obey the relations for gl(M|N). We also have [z ij , D kl ] = p i p j δ ik δ jl + (−1) (p(i)+p(j))(p(i)+p(k)+1) δ jl θ(i > k)z ik for i > j and k > l. Based on these relations, one can check that (4.4) satisfies the relations for gl(M|N).
[e ij , e kl ] = δ jk e il − (−1) (p(i)+p(j))(p(k)+p(l)) δ li e kj for i, j, k, l ∈ I.
(4.7)
The above types of factorization formulas are known in [16] for sl(2|1) and in [17] for sl(N). See also section 5.3 in [18] for a review on gl(N) case. We also remark that the unitary representations of the non-compact real forms of sl(M|N) are studied in [51] based on another oscillator realization of the algebra. By using the relation (4.6), we can show 
where u ∈ C. These satisfy the following Yang-Baxter relation, which is the rational limit of (2.32).
Using (4.3), we obtain a factorization formula for the L-operator (4.10):
This is a generalization of the factorization formulas [16, 17, 18] to the case Y (gl(M|N)). Let us take a subset I = {a + 1, a + 2, . . . , M + N} of I and it complement set I = I \ I. Then we consider (4.2) or (4.3) for the case λ i = p i m for i ∈ I, and rewrite them in the following form (use the relations (4.6) and (4.8) ).
where y ki is a function of {c αβ } i≤α<β≤k and is linear with respect to each c αβ (see (4.5)); o(m) denotes the terms which do not depend on m; {e I ij } i,j∈I are the terms in e ij whose indices of the oscillator algebra are restricted to the set I. Note that {e I ij } i,j∈I realizes a subalgebra of gl(M|N), which we denote 19 as gl(I), and on the Fock space, gives a highest weight representation with the highest weight (λ a+1 , . . . , λ M +N ). We renormalize the oscillator realization (4.13) as
(4.14)
Then we find that the limit lim m→∞ẽij , which is denoted again as e ij , satisfies the following contracted commutation relations:
[e ij , e kl ] = δ jk θ(j, k ∈ I)e il − (−1) (p(i)+p(j))(p(k)+p(l)) δ li θ(l, i ∈ I)e kj . Note that (4.16) does not depend on the generators {c † ij } i,j∈I . Then, without breaking the relations (4.15), we can forget about them and formally set their counterparts to zero: Let us introduce a diagonal matrix g m = N i=1 m −1 θ(i ∈ I) + θ(i ∈ I) E ii . Then we take the limit of a renormalized version of L-operator (4.10) with λ i = p i m for i ∈ I (cf. [13] for (M, N) = (2, 0) case):
where e ij are defined in (4.18). This satisfies the limit of the Yang-Baxter relation (4.11):
since the relation R(u)(g m ⊗ g m ) = (g m ⊗ g m )R(u) holds for any m, u ∈ C, and the reduction (4.17) keeps the relation (4.15) unchanged. The L-operator (4.19) coincides 20 with the L-operator proposed in [15] (and for Y (gl(M)), see [14] ) if {e I ij } i,j∈I are 20 Make the shift e I ij → e I ij − k∈I (−1) p(k)+p(i) δ ij /2 (namely, λ i → λ i − k∈I (−1) p(k)+p(i) /2 for i ∈ I in e I ij ), regard {e I ij } i,j∈I as the generic generators of gl(I), apply the automorphism e I ij → −(−1) p(j)+p(i)p(j) e I ji of gl(I), and the automorphism c ij → (−1) p(j)+p(i)p(j) c † ij , c † ij → −(−1) p(i)+p(i)p(j) c ij of the oscillator algebra to (4.19) .
interpreted as the generic generators of gl(I). It defines an evaluation representation of a degenerated Yangian. In particular, when the gl(I) part is trivial, namely e I ij = 0, the L-operator (4.19) gives the L-operators for Q-operators [15] . The requirement e I ij = 0 (in addition to (4.17)) corresponds to formally setting
Instead, one may start from the rational limit of (2.13) with the reductions (2.16) and µ = 0, and consider the limit of the form (4.19).
Concluding remarks
In this paper, we have constructed q-oscillator realizations of the q-super-Yangian Y q (gl(M|N)) for Baxter Q-operators based on the Heisenberg realization of U q (gl(M|N)) [23, 24] (and [25] for N = 0 case). It is known that free field realization (Wakimoto construction) of U q (ŝl(M|N)) can be constructed based on this Heisenberg realization of U q (sl(M|N)) (cf. [49, 24] ). It will be interesting to consider an opposite direction, namely to consider reductions and limits of free field realizations of the quantum affine superalgebras to get q-oscillator realizations of the q-super-Yangians for Baxter Q-operators. This may give another 21 systematic approach to the problem for the quatum affine superalgebras other than type A, where evaluation representations are not available. One of the unsolved problems related to our topics is fusion of the L-operators for Qoperators. For the rational case [14, 15] (see also [16, 17, 18] for a different approach), one can construct the L-operators for Verma modules from the L-operators for Q-operators by fusion procedures. As for the trigonometric case, we have fusion formulas [10] on the level of the universal L-operators 22 for Q-operators associate with U q (ŝl(2)). However, similar formulas for U q (ĝl(M|N)) (for general M, N) have not been established yet.
In [45] , the Lax matrices for the Toda system were discussed in the context of 'shifted Yangians' or 'shifted quantum affine algebras'. Apparently, some of these Lax matrices have similar structures as L-operators for Q-operators. It will be desirable to clarify how our approach fits into their formulation.
Appendix B: general q-oscillator and Heisenberg realizations of U q (gl(M |N ))
In [24, 23] , q-difference (Heisenberg) realization of U q (sl(M|N)) was proposed (see, [25] for U q (sl(M)) case). In this section, we transcribe their results for U q (gl(M|N)) case in terms of the q-oscillator algebra. Let λ i ∈ C (i ∈ I). Then, U q (gl(M|N)) is realized by
The other generators can be obtained by the relations (2.7). In particular, the element e 1j has quite a simple form 23
Let us consider reduction of the q-oscillator algebra in (B1). Fix parameters a ∈ {0, 1, . . . , M + N} and µ ∈ C, and define a set by I = {a + 1, a + 2, . . . , M + N}. We find that (B1) still realizes U q (gl(M|N)) even if we apply the following replacement:
This fact was remarked in [25] for N = 0, a = 1, µ = 0 case, where (B1) reduces to a q-analogue of the Holstein-Primakoff realization (cf. [26] ).
In this paper, we realize the algebra in terms of the q-oscillator superalgebras. One can rewrite these in terms of q-difference operators. Let us introduce variables x ij (1 ≤ i < j ≤ M + N) with the Grassmann parities p i p j and define operators ϑ ij = x ij ∂ ∂x ij . Then the q-oscillator superalgebra is realized by
Under this realization (B4), (B1) for the distinguished grading (p i = 1 for i ∈ 23 The corresponding expression for N = 0 case is written in [25] in terms of q-difference operators.
{1, 2, . . . , M}, p i = −1 for i ∈ {M + 1, M + 2, . . . , M + N}) corresponds 24 to eq. (25) in [24] . By using automorphisms of the q-oscillator algebra and U q (gl(M|N)) (and change of variables), one can derive many variants of (B1), which superficially look different from the original one. Here we give three typical examples of them. First, we explain the relation between the oscillator realization (2.13) used in the main text and (B1). Let us apply the following transformations consecutively to (2.13) : the rescaling of the generators of the q-oscillator algebra and the rescaling of the generators of the q-oscillator algebra
Then we obtain
Here the expression (B13) is obtained based on (2.7). Let us consider reduction of the q-oscillator algebra in (B12). Fix parameters a ∈ {0, 1, . . . , M + N} and µ ∈ C, and define a set by I = {1, 2, . . . , a}. We find that (B12) still realizes U q (gl(M|N)) even if we apply the following replacement:
Let us apply the following to (B12): the automorphisms (B6) and
of the q-oscillator algebra, the replacement (B7), and the automorphism
of U q (gl(M|N)). We obtain
Here the expression (B18) is obtained based on (2.7). Let us consider reduction of the q-oscillator algebra in (B17). Fix parameters a ∈ {0, 1, . . . , M + N} and µ ∈ C, and define a set by I = {1, 2, . . . , a}. We find that (B17) still realizes U q (gl(M|N)) even if we apply the following replacement:
On the Fock space spanned by (2.10), any of (B1), (2.13), (B12) and (B17) realizes a highest weight representation of U q (gl(M|N)) with the hight weight λ = (λ 1 , . . . , λ M +N ) and the highest weight vector |0 , in the sense of (2.15).
where m ∈ C. This is a q-analogue of the Holstein-Primakoff realization of U q (gl(M|N)) (cf. [26] ). For I = {1}, this realizes an infinite dimensional representation with the highest weight λ = (p 1 m, 0, . . . , 0) and the highest weight vector |0 on the Fock space in the sense of (2.15). However, this is not the case for I = {i}, i = 1. The vacuum vector |0 carries the weight (eigenvalue of e aa ) λ a = p a mδ ia (1 ≤ a ≤ M + N) and is killed at least by e ab
Under the reduction (B3) for I = {2, 3, . . . , M + N}, (B1) and (B2) (and e jk from (2.7)) for λ j = p 1 mδ j1 and µ = 0 coincides with (C1)-(C10) for I = {1} if the following automorphism of the q-oscillator algebra is applied to (C1)-(C10).
for a ∈ I. (C11)
We remark that the notation I and I have to be exchanged for comparison between (B1)-(B2) and (C1)-(C10).
L-operator
Plugging (C1)-(C10) into the formula (2.28)-(2.30), we obtain the following elements of an L-operator.
where i ∈ I.
Limit of the L-operator: q m → 0 case
After making a shift m → m + p i µ in (C12)-(C25), we consider a renormalized L-operator [see eq. (3.79) in [1] for µ = 0 case]:
In components, this is transcribed as
Then we find that the components of the L-operator L − (x) = lim q m →0L (x) are given 26 by 26 Here q is assumed to be a constant number. The limits ofL jk andL jk are denoted again as L jk and L jk .
where i ∈ I. These equations (C28)-(C38) for µ = 0 precisely coincide 27 with a qoscillator solution of the graded Yang-Baxter equation found in [1] [eqs. (3.49)-(3.59) in [1] ]. Let us apply the automorphism
of the q-oscillator algebra to (C28)-(C38) and consider
The components L jk and L jk of L ′ and L ′ in this renormalized L-operator L −′ (x) = L ′ − x −1 L ′ do not depend on the parameter µ except for the element L ii . It satisfies L ii L ii = L ii L ii = q p i µ for i ∈ I instead of (2.33). We remark that components of L ′ and L ′ realize a more degenerate algebra than U q (gl(M|N; I)) in the limit q p i µ → 0. In fact, they satisfy a condition L ii = 0 for i ∈ I in addition to (2.34) . A twisted version of such an L-operator (in the sense of [46] ) for N = 0 case was used to construct a matrix product formula for symmetric Macdonald polynomials [47] (see [48] for related L-operators for M + N ≤ 3). The same type of L-operators also appeared in the context of quantization of soliton cellular automata [50] .
Limit of the L-operator: q m → ∞ case We can consider the opposite limit (q m → ∞) for another renormalized L-operator L(x) = L(x)(1 ⊗ q −m j∈I E jj ).
After applying an automorphism
27 From (C28)-(C38) for µ = 0, i = M +N , N = 0, one can also reproduce the q-oscillator representation of the Borel subalgebra B + of U q (ŝl(M )) for Baxter Q-operators found in [7] . Substituting (C28)-(C38) for µ = 0, i = M + N , N = 0 into eq. h j → h j for 1 ≤ j ≤ M (ε * j , ε j , H j , t are symbols in [7] ). Then one obtains eq. (2.2) in [7] after the transformation q → q −1 .
of the q-oscillator algebra to (C12)-(C25) and plugging them into (C41), we take the limit 28 L + (x) = lim q m →∞L (x) to get L αβ = 0 for α < β, (C43) L ii = q −p i n i,I ,
L aa = q pan ia for a ∈ I, (C45) L ai = p a c ia q p i n i,[i+1,a −1] for i + 1 ≤ a ≤ M + N,
L αβ = 0 for α > β,
L aa = q −pan ia for a ∈ I, (C52)
L ab = p a (q − q −1 )c † ib c ia q p i (n i,[1,a−1] +n i,[b,M +N] ) for 1 ≤ a < i < b ≤ M + N,
where i ∈ I. We consider two kinds of automorphisms of the q-oscillator algebra (2.9): (B6) and n ia → n ia , for a ∈ I,
Let us apply the automorphism (B6) to (C43)-(C56) first, and then (C57). We find that the renormalized L-operator L +′ (x) = (1 ⊗ q p i b∈I E bb −p I E ii )L + (xq 2p i ).
(C58) 28 The components of L and L in L + (x) = L − x −1 L are denoted as L jk and L jk respectively.
precisely coincides 29 with another q-oscillator solution of the graded Yang-Baxter equation found in [1] [eqs. (3.60)-(3.72) in [1] ].
